Abstract. We give an example of a commutative Prü fer domain R with field of fractions F and a quaternion division algebra D with centre F such that R cannot be extended to a Prü fer order in D in the sense of [AD]. This shows, that a general extension theorem for Prü fer orders in central simple algebras does not exist and finally answers a question given in [MMU]. Moreover, in our example R is a Bézout domain which is the intersection of a countable number of (non-discrete) real valuation rings.
Introduction
Commutative Prü fer rings form a natural generalization of Dedekind rings and they occur in di¤erent areas of mathematics. For instance, if R is a Dedekind domain with field of fractions F and if K is an algebraic field extension of F then the integral closure of R in K is a Prü fer domain, which is not a Dedekind ring in general. Furthermore, if F is a formally real commutative field then the real holomorphy ring of F is a Prü fer domain and finally, if U is a domain in the complex plane C then the ring of all complex holomorphic functions f : U ! C is a Bézout domain and therefore Prü -fer. Non-commutative Dedekind rings and especially Dedekind orders in central simple algebras have been investigated intensively for many decades, but only a little is known about non-commutative Prü fer rings and it is not quite clear how to define such Prü fer rings in order to obtain an interesting and rich theory. Since localization techniques are central for any kind of commutative or non-commutative arithmetical rings, non-commutative Prü fer rings are expected to have good localization properties. For example, a commutative domain is Prü fer if and only if any localization at a maximal ideal is a (Krull-) valuation ring and therefore non-commutative Prü fer orders should be related to non-commutative valuation rings in a similar way, at least in central simple algebras.
Following [AD] , we call an order R in a central simple algebra a Prü fer ring if any finitely generated right R-ideal I is left invertible and also right invertible as a left O l ðI Þ-ideal (for a precise definition see Section 2). These rings have been studied by several authors and many interesting results have been obtained so far which indicates that this definition might be the right one. For instance, any overring of a Prü fer ring is also a Prü fer ring, any Bézout ring is Prü fer, the property of being Prü fer is Morita invariant, and the Noetherian Prü fer rings are exactly the Dedekind orders in central simple algebras. With respect to the localization the following nice result has been proved in [AD, D3] : An order R in a central simple algebra Q is a Prü fer ring if and only if for any maximal ideal M of R the classical Ore-localization R M can be formed and R M is a Dubrovin valuation ring in Q. These rings go back to N. I. Dubrovin, who introduced his new concept of valuation rings for simple Artinian rings in [D1] . After a long and intensive investigation during the last twenty years (cf. [MMU] ), Dubrovin valuation rings have been recognized as the non-commutative analogue of commutative valuation rings in the sense of Krull.
Beside all these beautiful results there is one main question still open which can roughly be formulated in the following way: Does there exist a general extension theorem for Prü fer rings in central simple algebras? To be more precise, if R is a commutative Prü fer domain with field of fractions F and Q a central simple F -algebra, does there always exist a Prü fer order S in Q such that S X F ¼ R? In this paper we present an example of a Prü fer domain R and a quaternion division algebra D over F , such that R cannot be extended to D. Surprisingly, the Prü fer domain R has a very simple and nice ideal structure. Indeed, we start with a commutative field F and a countable number v 1 ; v 2 . . . of real non-discrete valuations of F with the following independence property: If e i is an arbitrary value in the value group of v i , i A N, then there exists an x A F such that v i ðxÞ ¼ e i for all i. It is easily seen, that the intersection R of all corresponding valuation rings B i is a Bézout domain and with some additional technical properties about the residue fields, the Prü fer domain R is the desired counterexample. The main idea can be described as follows: By the independence property of v 1 ; v 2 ; . . . the residue field R=M of any maximal ideal M can be embedded into an ultraproduct of the residue fields of all B i . Now, the field F as well as the quaternion algebra D are constructed in such a way that for any extension S of R in D the residue ring S=M for any maximal ideal M of S can also be embedded into an ultraproduct of the residue rings of the Dubrovin valuation rings of D which extend B 1 ; B 2 ; . . . . But this will lead to a contradiction after an additional refinement in the definitions of F and D.
Non-commutative valuation and Prüfer rings
In this section we give a brief survey of Dubrovin valuation rings and Prü fer rings in division algebras finite-dimensional over their centres and the reader should be familiar with some basic techniques from commutative valuation theory which are presented for instance in the first third of Endler's book [E] . Even though, most of the theorems are also true if we replace division algebras by simple rings, we summarize only those results which will be needed later on. Thus, let D be a division ring finitedimensional over its centre F . Below we shall discuss the extensions of a central valuation ring from the ring theoretical point of view and we start with the definition of a Prü fer ring in the spirit of [AD] . But first recall that an order S in D is a subring of D with D as its classical quotient ring and a right S-ideal I of S is a non-zero right S-submodule of D such that dI J S for some non
Þ hold for all finitely generated right S-ideals I of S.
Left Prü fer rings are defined similarly and by [AD, Proposition 1.12 ] an order S is right Prü fer if and only if it is left Prü fer. In [Mo] a Prü fer order S is called strongly Prü fer, if for every maximal ideal M of S the two-sided localization R M exists and is a Dubrovin valuation ring in D. Since Dubrovin showed (cf. [D3] ) that under the assumptions made in this section any Prü fer order is strongly Prü fer we can use any result from [Mo] which is stated for strongly Prü fer rings. But even more is true (cf. [AD, D3] ). In section 4 we will deal with the following situation: R is a commutative Prü fer domain with field of fractions F and S is a Prü fer order in D extending R. For any maxOn extending Prü fer rings in central simple algebras imal ideal M of R the localization R M of R at M is a commutative valuation ring and we shall investigate the ring S M ¼ fst À1 j s A S and t A RnMg in terms of the Dubrovin valuation rings extending R M . First of all, S M is a Bézout order in D by [Mo, Theorem 2.5] , which means that any finitely generated right (left) ideal of S M is principal. As explained on page 455 in [Gr2] , the ring S M possesses only a finite number of maximal ideals and therefore S M is the intersection of a finite number of proper Dubrovin valuation rings B 1 ; . . . ; B n . Moreover, B 1 ; . . . ; B n have the intersection property by [Gr2, Corollary 3.5 ]. We do not need the precise definition of the intersection property here but below we will refer to a result from [Gr1] where the intersection property occurs. In the following we are only interested in two special cases which will be of particular interest in our further investigation. In the first case, V ¼ R M is a rank 1 valuation ring, that is, V is the valuation ring of a real valuation of F . In the second case, V can be extended to a valuation ring of D which is invariant.
If V is a rank 1 valuation ring then any B i is an extension of V to D since V J B i X F H F . Furthermore, as a rank 1 (maximal) valuation ring, V can be extended to a Dubrovin valuation ring of D which is integral over V and therefore, V has extension number 1. This finally shows n ¼ 1 and S M is a Dubrovin valuation ring of D extending R M which is integral over R M .
If V can be extended to an invariant total valuation ring B in D then B is the only Dubrovin valuation ring in D extending B. Moreover, B is the integral closure of R M in D (cf. [BG1] ). Therefore, any overring of V is a valuation ring in F with a unique extension to D and this extension is an overring of B. By S M ¼ B 1 X Á Á Á X B n each B i extends some overring of V and at least one B j is an extension of V . Thus B j ¼ B J B i and we get S M ¼ B.
Altogether we have proved the following rather technical result which will be used later on.
Proposition 2.4. Let S be a Prüfer order in D and let R ¼ S X F be a Prüfer ring in F . If M is a maximal ideal of R such that R M is a rank 1 valuation ring of F or R M can be extended to an invariant total valuation ring in D, then S M is a Dubrovin valuation ring of D extending R M which is also integral over R M . In the latter case S M is the integral closure of R M in D which is an invariant total valuation ring and therefore the unique extension of R M to D.
We close this section with another technical result which provides a simple argument to show that a central rank 1 valuation ring V can be extended to an Azumaya algebra B over V in D. By this we mean that there exists an F -basis fd 1 ; . . .
2 where p is a prime and let V be a rank 1 valuation ring in F such that V has more than one extension to some commutative subfield of D.
Then V can be extended to an Azumaya algebra in D which is not a total valuation ring.
Proof. Let B be a Dubrovin valuation ring in D extending V . Since V can be extended to more than one valuation ring in some commutative subfield of D we conclude that B cannot be an invariant total valuation ring (cf. [C, W1] ) and moreover, B cannot be a total valuation ring at all for V has rank 1. Thus, B=JðBÞ is a simple algebra which is not a division ring and therefore f ¼ ½B=JðBÞ : ZðB=JðBÞÞ is a square greater than 1 where ZðB=JðBÞÞ denotes the centre of B=JðBÞ. By the defect theorem (see [Gr3, W2] ) we get that f is a divisor of ½D :
Strongly independent families of valuations
The results in this section form the general basis for our example but they might be useful also for other ring theoretical investigations. Even though the proofs are straightforward we will explain the arguments in all details in order to make this part self-contained. Of course, all what follows can be discussed in a more general setting like partially ordered sets, but we will restrict to the facts which are actually needed and start with the following Definition 3.1. A family V of non-trivial valuations v : F !Ĝ G v of a field F is called strongly independent, if the mapping
Up to the end of this section V always denotes a non-empty strongly independent family of valuations of F and we will investigate the intersection R of all valuation rings B v , v A V. First of all we shall prove Proposition 3.2. R is a Bézout domain.
Here, Bézout domain means that any finitely generated ideal is principal and therefore invertible, that is, R is especially a Prü fer domain (cf. [G] To show xR J aR þ bR we first observe that
which finally shows xR J aR þ bR.
In order to study the set of all maximal ideals of R, recall that a filter F on V is a nonempty subfamily of the power set PðVÞ which is closed under finite intersections and supersets, that is, for all X A F and Y J V we have Y A F whenever X J Y . A filter F is called proper if F 0 PðVÞ or equivalently, if the empty set does not belong to F.
There is an obvious relation between filters on V and ideals of R via
Clearly, f is surjective since V is strongly independent.
Proposition 3.3. If I is a proper ideal of R then f ðI Þ ¼ f f ðxÞ j x A I g is a proper filter on V.
Proof. To show that f ðI Þ is closed under finite intersections let a, b be in I and let x be in F such that vðxÞ ¼ maxfvðaÞ; vðbÞg. Then f ðxÞ ¼ f ðaÞ X f ðbÞ and xR ¼ aR þ bR as the proof of Proposition 3.2 shows. Thus, x A I and we are done. Now, let S be a superset of f ðaÞ in V. Then there exists an element c A F such that vðcÞ ¼ vðaÞ < 1 if v A f ðaÞ and vðcÞ < 1 if v A Sn f ðaÞ. For all v B S we can assume that vðcÞ ¼ 1. Clearly, f ðcÞ ¼ S and vðcÞ a vðaÞ for all v A V which means cR J aR J I , that is c A I . It remains to show that f ðI Þ is proper. If the empty set belongs to f ðI Þ then there exists x A I such that vðxÞ ¼ 1 for all v A V and x is a unit in R. This is a contradiction, since I is proper. r
The next result follows immediately by the definition of a filter.
Proposition 3.4. If F is a proper filter on V then iðFÞ ¼ fx A R j f ðxÞ A Fg is a proper ideal of R.
Let us summarize some obvious properties of the mappings f and i; for all proper ideals I , I 0 of R and all proper filters F, F 0 on V the following hold:
For any maximal ideal M of R the filter f ðMÞ is maximal (in PðVÞ with respect to the inclusion), that is, there is no proper filter on V strictly containing f ðMÞ. To see this, let F be a proper filter on V. If f ðMÞ H F then M J ið f ðMÞÞ H iðFÞ by (2) and (4) where iðFÞ is a proper ideal of R; this contradicts the maximality of M. Similarly, iðFÞ is a maximal ideal of R for any maximal filter F. Recall that a maximal proper filter is called an ultrafilter and we therefore obtain the following Proposition 3.5. The mappings f and i induce a 1-1-correspondence between the maximal ideals of R and the ultrafilters on V such that f ðiðFÞÞ ¼ F and ið f ðMÞÞ ¼ M hold for any maximal ideal M and any ultrafilter F.
An ultrafilter on V is characterized by the property that it contains the complement VnS of a subset S J V if it does not contain S itself. Thus, if an ultrafilter F contains a finite set then it contains a set with a single element. These ultrafilters are called principal ultrafilters. In our situation, a principal ultrafilter F on V looks like F ¼ fS J V j v A Sg where v is a valuation from V and we get iðFÞ ¼ R X M v . This shows, that R X M v is a maximal ideal of R for any valuation v A V. Beside these maximal ideals there are many other which are defined by all non-principal ultrafilters on V via the mapping i. Nevertheless, R ¼ T R M where M ¼ iðFÞ and F runs through the set of all principal ultrafilters on V. With respect to the localization we obtain Proposition 3.6. If F is an ultrafilter on V and M ¼ iðFÞ then the following hold for all x A F :
(
Proof. We just show (1) and (2) follows similarly. If x ¼ rs À1 where r; s A R and s B M then fv A V j vðsÞ a 1g ¼ V and fv A V j vðsÞ < 1g B F. Since F is an ultrafilter
In order to prove the other direction let x be a non-zero element of F such that fv A V j vðxÞ a 1g lies in F. There exists y A F such that vð yÞ ¼ 1 if vðxÞ a 1 and vð yÞ ¼ vðx À1 Þ if vðxÞ > 1. We get y A R as well as fv A V j vð yÞ < 1g B F, that is y A RnM. Finally, xy A R and x ¼ ðxyÞy À1 A R M as claimed. r
The general construction
Let K be a commutative field of characteristic greater than 2. Then, for any extension field F of K and any valuation v of F the characteristic of the residue field is di¤erent from 2 which ensures that any quaternion F -algebra or any quadratic field extension
On extending Prü fer rings in central simple algebras is defectless over F with respect to v. We start with some basic properties K is supposed to have and will show how to derive the desired example from this. The next section provides a specific field K which meets these conditions. 
These assumptions on K are su‰cient to define an extension F of K which will then serve as the centre of a suitable quaternion algebra D. Let us describe F as the union of all fields F j , j A N, where F 0 ¼ K and F j ¼ F jÀ1 ð ffiffiffiffi a j p Þ for all j A N. It remains to define a strongly independent family of valuations of F . We will do this recursively with respect to F j , j A N and discuss the case j ¼ 1 first, that is F 1 ¼ Kð ffiffiffiffi ffi a 1 p Þ. Since a 1 þ M 1 is not a square in B 1 =M 1 the valuation v 1 has a unique prolongation to F 1 which is therefore an unramified extension to F 1 and which has ðB 1 =M 1 Þð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Þ as its residue field (cf. assumption (d)). For i 0 1 the polynomial x 2 À a 1 splits modulo M i into 2 distinct linear factors by the defining property of a 1 and the fact that B i =M i has characteristic di¤erent from 2. We choose one of these prolongations which is therefore an immediate extension of v i . To simplify notations, let the chosen extension of v i also be denoted by v i . Then, F 1 =F 0 is an immediate extension for any i 0 1 with respect to v i . With respect to v 1 the field extension F 1 =F 0 is unramified with residue degree 2 such that a is a square modulo M 1 .
We can apply these ideas to extend the valuations v i , i A N, now from F 1 to F 2 with similar properties. Moreover, by induction on j we can extend this principle to
(e) Any valuation v i can be extended to a valuation of F which will be denoted by v i again such that the following hold: (e1) F =K is an unramified extension with respect to any v i . Thus, the family fv 1 ; v 2 ; . . .g, now as a set of valuations of F , is also strongly independent.
(e2) F =K has residue degree 2 with respect to any v i .
(e3) a is a square modulo M i for any i (here, M i denotes the maximal ideal of the corresponding valuation ring in F ).
(e4) F j =K is an immediate extension with respect to any v i , j < i (or more precisely, with respect to the restriction of v i to F j ).
(e5) F j =K has residue degree 2 with respect to any v i , i a j (or more precisely, with respect to the restriction of v i to F j ).
It remains to define the quaternion algebra D with centre F , but this is easily done.
For D is the union of all D j it is enough to verify that each D j is a division algebra. Because of [P, 15.1. Corollary d] we are done if we show that b cannot be written as the norm of some element in the finite field extension F j ð ffiffi ffi a p Þ=F j . By construction, F j ð ffiffi ffi a p Þ=F j is an inert extension with respect to any v i , j < i and therefore the value of any norm is a square in G i -but v i ðbÞ is not a square by the defining property of b (cf. condition (c)).
The main result of this paper is the following Clearly, R is a Bézout domain by Proposition 3.2 and D is a division algebra as explained above. Thus, it remains to prove that R cannot be extended to a Prü fer order in S which will be done in the rest of this section.
First of all, we are going to investigate the extensions of all valuation rings R M of F where M ¼ iðFÞ is a maximal ideal of R and F an ultrafilter on V.
(f ) If F is a principal ultrafilter on V and M ¼ iðFÞ then R M can be extended to a Dubrovin valuation ring in D, which is a non-invariant Azumaya algebra over R M . Especially, no valuation v i can be extended to a valuation of D.
From section 3 we obtain that F is a principal ultrafilter on V if and only if M ¼ R X M i for some i A N. According to Proposition 2.5 we only have to show that the real valuation v i has more than one prolongation to some commutative subfield of D. This subfield can be chosen as F ð ffiffi ffi a p Þ since a is a square modulo M i by condition (e3).
(g) If F is a non-principal ultrafilter on V and M ¼ iðFÞ then R M can be extended to an invariant total valuation ring B in D having a commutative residue field. Moreover, the maximal ideal JðBÞ is the only ideal of B extending JðR M Þ, that is, if A is an ideal of B such that A X R M ¼ JðR M Þ then A ¼ JðBÞ.
In order to define the extension of R M we first have to study the valuations of D j ¼ a; b F j which are induced by the valuations from V. Even though we have seen that no On extending Prü fer rings in central simple algebras v i can be extended to a valuation of D, the restriction of v i to F j can be extended to D j ¼ a; b F j whenever i > j: For i > j we can apply condition (e4) and it follows that a is a unit in B i X F j and that x 2 À a is irreducible modulo M i X F j , the maximal ideal of B i X F j . Furthermore, condition (e1) implies that v i ðbÞ is not a square in G i . Thus we can apply Proposition 3.3 from [BG2] which shows (h) The restriction of v i to F j can be extended to a valuation of D j with commutative residue field for all i > j.
We still have to prove (g) and change our point of view a little in order to achieve this. Instead of F J PðVÞ we shall consider F N J PðNÞ where
that is, instead of V we deal with the set of indices N. Clearly, F N is a non-principal ultrafilter on N. Now, for any x in D and j in N satisfying x A D j ¼ F j n K D 0 consider the valuation rings of D j which are the extensions of B i X F j , i > j. Let I j ðxÞ be the set of all i > j such that x lies in the unique valuation ring of D j which extends Let us assume j > j 0 . Then, I j ðxÞ J I j 0 ðxÞ and I j ðxÞ A F N implies I j 0 ðxÞ A F N . Thus '')'' is proved and we show ''(''. If I j 0 ðxÞ A F N and I j ðxÞ B F N then NnI j ðxÞ as well as I j 0 ðxÞnI j ðxÞ ¼ I j 0 ðxÞ X ðNnI j ðxÞÞ belong to F N . Since I j 0 ðxÞnI j ðxÞ is finite we conclude that F N is a principal ultrafilter-a contradiction. Now, we are able to introduce the extension of R M with the properties stated in (g). Again, we adopt the usual arguments for the ultraproduct construction of valuation rings and define B as the subset of D which consists of all x such that I j ðxÞ A F N where x lies in D j . We have already seen that this definition does not depend on j and it has to be shown that B is indeed a subring of D. For x, y in B there exists j A N such that x; y A D j . Then, x À y; xy A D j and moreover I j ðxÞ X I j ð yÞ J I j ðx À yÞ; I j ðxyÞ:
From I j ðxÞ; I j ðyÞ A F N we obtain I j ðx À yÞ; I j ðxyÞ A F N and therefore x À y; xy A B. To verify that B is a total valuation ring of D let x be not in B, that is I j ðxÞ B F N . Since F N is not a principal ultrafilter, we conclude I j ðxÞ W f1; . . . ; jg B F N and NnðI j ðxÞ W f1; . . . ; jgÞ A F N . Using N ¼ f1; . . . ; jg W I j ðxÞ W I j ðx À1 Þ
we get NnðI j ðxÞ W f1; . . . ; jgÞ J I j ðx À1 Þ and I j ðx À1 Þ A F N follows. This proves x À1 A B and similar arguments show that B is invariant in D having a commutative residue field, where the last claim holds because of (h). We finally observe by Proposition 3.6
for all x A F which shows B X F ¼ R M and which completes the proof of the first part of (g). The second part mainly depends on the fact that each v i is not discrete. First we show ( * ) For any x A JðBÞ there exists y A M such that xB J yB.
Using ½D : F ¼ 4 we obtain x 4 B ¼ zB for some z A JðR M Þ and I :¼ fi A N j v i ðzÞ < 1g A F N by Proposition 3.6. Since v i is non-discrete there exist elements g i A G i 
JðBÞ which shows xy À1 B J JðBÞ and therefore xB J yB. Now, the second part of (g) is an immediate consequence of ( * ). Let A be an ideal of B strictly contained in JðBÞ. Then there exists x A JðBÞ but x not in A. By ( * ) we can assume that x lies in M which shows that A X R M is strictly contained in JðR M Þ.
So far, we have a complete description of all Dubrovin valuation rings in D containing R which will help us to understand why R cannot be extended to a Prü fer order in D. The main idea can roughly be explained as follows: Any valuation ring R M , M maximal ideal of R, is completely determined by the valuation rings B i , i A N, and an ultrafilter on N, where a similar description seems to be impossible for their extensions as properties (f ) and (g) signify. But exactly such a correspondence will occur if R can be extended to a Prü fer order S in D since then the maximal ideals of S will correspond to extensions of the valuation rings in F containing R and the maximal ideals of S belonging to the extensions of all B i will determine all maximal ideals of S again by the ultrafilters on N.
Let us assume that there exists a Prü fer order S in D extending R, that is S X F ¼ R. For any maximal ideal M of R we consider S M ¼ fst À1 j s A S and t A RnMg. If M ¼ iðFÞ where F is a principal ultrafilter then R M is a rank 1 valuation ring in F . If F is a non-principal ultrafilter then R M can be extended to an invariant valuation ring in D by (g) and we apply Proposition 2.4 to show that S M is a Dubrovin valuation ring in D. This proves the first part of 
The statements are quite obvious if F is a principal ultrafilter and we consider the case where F is non-principal. Since S is the intersection of all V i , i A N, claim (1) can be proved almost the same way as claim (1) in Proposition 3.6. In order to show (2) we first observe that Now, the proof of Theorem 4.1 is almost complete. Let M ¼ iðFÞ be a maximal ideal of R and F a non-principal ultrafilter on V. Moreover, let us assume that there exists a Prü fer order S in D extending R. Then, S M is an invariant valuation ring in D and we will show that S M is an unramified extension of R M . Hence, we prove that for any non-zero x in D there is an element y in F such that xy A S M nJðS M Þ. Clearly, for any i A N there exists y i A F such that xy i A V i nJðV i Þ since V i is an Azumaya algebra over B i . Using the fact that V ¼ fv i j i A Ng is strongly independent we can choose a global y A F , that is, xy A V i nJðV i Þ for all i A N where v i ð yÞ ¼ v i ðy i Þ. Therefore, xy A S M nJðS M Þ follows by statement ( j). Now, the defect theorem yields
. This is a contradiction, since for any a A S M the element a þ JðS M Þ generates at most a quadratic extension of R M =JðR M Þ because a generates at most a quadratic extension of F .
The example
In order to show that a general extension theorem for Prü fer orders does not hold in central simple algebras we will explain how to ''construct'' a commutative field K which meets the first four conditions stated at the beginning of Section 3. Let us start with the rational function field F p ðxÞ in the indeterminate x over the finite field F p with p elements, p > 2. Since K will be an extension field of F p ðxÞ the condition about the characteristic will be satisfied. Furthermore, let us consider an infinite set W of non-equivalent pðxÞ-adic valuations of F p ðxÞ where pðxÞ is a monic irreducible polynomial over F p . It is not necessary to consider all pðxÞ-adic valuations and also their precise definition is not needed. Basically, the following properties will be used:
(1) W ¼ fw i j i A Ng is a countable set of valuations of F p ðxÞ.
(2) Any valuation w i is discrete. The corresponding value group will be denoted by
(3) For any i A N the residue field of w i contains a non-square.
First of all we define an extension field of F p ðxÞ and extend all w i , i A N, in such a way that condition (c) of Section 3 will hold. Let b be an indeterminate over F p ðxÞ. Then for any i A N there exists an extension of w i to L ¼ F p ðx; bÞ (which will be denoted by w i again) such that w j ðbÞ ¼ g j and L is an immediate extension of F p ðxÞ for all j A N. This is quite easy to see: The completion L i of F p ðxÞ with respect to w i contains an element b i which is transcendental over F p ðxÞ such that w i ðb i Þ ¼ g i where w i denotes the canonical valuation of the completion L i . Clearly, the F p ðxÞ-embedding of L into L i mapping b onto b i yields the desired valuation. Similar arguments can be used to define an extension field of L ¼ F p ðx; bÞ with valuations such that conditions (b) and (d) are satisfied. For instance, let a be an indeterminate over It is quite obvious that any valuation v i can be extended uniquely to all L j and with respect to this prolongation L j =L 0 is a totally ramified field extension. We conclude that the unique extension of v i to L ¼ S j A N L j is non-discrete such that the value of b still is not a square in the value group of v i for all i A N. Clearly, the field L is countable and therefore we may replace the word discrete by the word non-discrete in ( * ).
It remains to discuss the statement about the strongly independence of the set V ¼ fv i j i A Ng. In order to do this we introduce the set fx f j f A Q G i g of algebraically independent indeterminates over K where Q G i is the set of all mappings
such that f ðiÞ A G i for all i A N and define K 0 ¼ Kðx f j f A Q G i Þ. For any v i we will define an extension u i to K 0 such that K 0 =K is an immediate extension with respect to u i and u i ðx f Þ ¼ f ðiÞ A G i . Of course, if we succeed in doing this we are finally done. Again, the prolongation u i will be defined via a K-embedding of K 0 into the compleOn extending Prü fer rings in central simple algebras tion K i of K with respect to v i where x f is mapped onto an element in K i with value f ðiÞ A G i and it should be explained why such an embedding does exist. Recalling that the elements from K i can be written as limits of certain convergent sequences with elements from K it is not hard to show that the transcendence degree of K i over K equals the cardinality of Q i A N N which is the same as the cardinality of Q G i . Here, only some basic knowledge from elementary set theory is required which can be found for instance in [JW2, Chapter 3] . Thus, a transcendence basis of K i over K contains the same number of elements as fx f j f A Q G i g and this fact provides the desired K-embedding of K 0 in the completion K i of K.
Final remark. In [Gr3] a commutative integral domain R is called ring of Prü fer type if there exists a family V of valuation rings in the quotient ring of R such that R ¼ T B A V B and R RXJðBÞ ¼ B for all B A V. Clearly, any Prü fer domain is of Prü fer type if we consider V ¼ fR M j M maximal ideal in Rg but in general also a proper subset can be taken. For instance, if R is as defined in this paper then R is the intersection of all B i , i A N, where the number of maximal ideals in R is uncountable. Orders of Prü fer type in central simple algebras are defined similarly in terms of Dubrovin valuation rings and in [Gr3] it is shown that under certain assumptions any commutative domain R of Prü fer type can be extended to an order S of Prü fer type in any central simple algebra Q such that S is integral over R. This result can be applied to the Prü fer domain R defined in this paper and we obtain: Even though R cannot be extended to a Prü fer order in D it can be extended to an order S of Prü fer type in D which is integral over R. For our specific example even more is true: If V i is an arbitrary Dubrovin valuation ring in D extending B i then the intersection S of all V i is an order of Prü fer type integral over R.
